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1. Introduction

Most GIS but also CAD systems represent the objects by their boundaries. Wireframes, winged edges and
similar methods are widely used. With these methods, object geometry is defined by a collection of boundaries
(surfaces or edges); the relations between these boundaries are usually explicitly stored [Frank, 1987; Oliver,
1988].

As an alternative, objects can be represented by inequalities which describe half-planes (half-spaces in
3D). There are several papers [Rigaux, & Scholl, 1995] see there for earlier papers] which propagate this idea
and explore the expressive power and the demands the resolution of such systems of constraints poses. Systems
of Linear Constraints (Linear Constraints [Frank, & Wallace, 1995; Freeston, Kuper, & Wallace, 1995]) are
relatively easy to solve and powerful methods are known. These methods have been used for a long time in
Operation Research and highly efficient programs for their practical solution exist.

If the efficient methods to solve linear constraints can be applied to the geometric problem, much can be
gained practically and theoretically. Many of the algorithms for constraint resolution are simpler than
computational geometry algorithm and often their structure is also easier to understand and program. For
example, the constraints describing an area do not depend on a particular order, but can be reordered to improve
processing; the intersection of two areas is found by simply merging the two lists of constraints.

This paper explores whether this alternative is practically viable for the use in GIS. The application of this
theoretically attractive representation method depends on practical conditions:

• how much storage is used,

• can large data collections be processed effectively, and

• are the most important operations of GIS implemented efficiently.

This paper takes GIS as an example and uses their typical property [Frank, & Kuhn, 1995] as a benchmark to
compare a representation of geometry by inequalities.

2. Storage

Considering the description of a region as a list of inequalities seems to require large amounts of storage, but
this is not correct, as will be shown here. In most GIS areal data in form of partitions of space dominate the
storage requirements and these are discussed here primarily.

An inequality is represented as two signed real numbers, which is the same as in a regular vector
representation (where n points represent the n edges forming a polygon, i.e. for each line in the polygon one
coordinate pair is stored). For a closed polygon, there is the same number of inequalities as there are points in
the boundary of the area. The data structure to store inequalities can be as simple (or complex) as for the vector
representation (e.g. a linked list). For unconnected areas there is no difference in the amount of storage required
between a vector representation as closed polygon or a list of inequalities.
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To control point precision better the form (1) may actually be easier than (2).
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Representation using inequalities:

Regions

Name Geometry

Brussels (y ≤ 13) ∧ ( x ≤ 11) ∧ (y ≥ 12) ∧ ( x ≥ 10)

Flandres (y ≤ 17) ∧ (3x − 4y ≥ −53) ∧ (x − 14y ≤ −150) ∧ (x + y ≥ 45) ∧
(4x − y ≤ 78) ∧ (¬((y ≤ 13) ∧ (x ≤ 11) ∧( y ≥ 12) ∧ (x ≥ 10)))

Walloon Region ...

Cities

Name Geometry

Antwerp (x = 10) ∧ ( y = 16)

Bastogne (x = 19) ∧ ( y = 6)

Bruges (x = 10. 5) ∧ (y = 12. 5)

... ...

Rivers

Name Geometry

Meuse ((y ≤ 17) ∧ (5x − y ≤ 78) ∧ ( y ≥ 12)) ∨
((y ≤ 12) ∧( x − y = 6) ∧ (y ≥ 11)) ∨
((y ≤ 11) ∧ (x − 2y = −5) ∧ (y ≥ 9)) ∨
((y ≤ 9) ∧ (x = 13) ∧ (( y ≥ 6))

Scheldt ...

Fig. 1. Example of a spatial database [Vandeurzen, Gyssens, & Van Gucht, 1995]



Representation using boundary points - relational model:

Region

Edge ID From Point To Point Left Area Right Area

a 1 2 Belgium Flanders

b 2 3 Belgium Flanders

c 3 4 Walloon Region Flanders

d 4 5 Belgium Flanders

e 5 1 Belgium Flanders

...

Tab. 1. Relational representation for one region only

For actual GIS applications, where the distribution of land to owners is recorded (so called parcel data),
categorical coverage [Chrisman, 1987] or partitions of space (figure 1) and regions must share boundaries. For
each line (or inequality) a pointer to the left and right area must be included (table 1). Edges are represented by
pointers to the start and end-point. For nodes with more than two adjacent edges, the storage for the point
coordinates are shared with more edges, reducing average storage requirements (compensated by a need for
pointers).

Practical example: An actual parcel map at the 1:2000 scale from the Austrian cadastre shows in an area
of 15 by 15 cm:

48 Parcels 1.6 Edges/Node

283 Nodes 5.9 Nodes/Parcel

180 Edges 3.8 Edges/Parcel

Formula (1) gives a table structure for the edges as in figure 1. This results in a storage requirement per edge of
2 pointers and 3 integers (corresponding to one coordinate value). This compares with the 4 pointers to the table
of coordinates and the 2 coordinate values for each point (of which come on average 1.6 per edge). If pointers
and coordinate values take the same amount of space, this gives 5 values per edge for inequalities and 5.6
values for the vector representation. This is for practical purposes the same storage amount.

Id a b c left right

a 0 1 17 Belgium Flanders

b 3 -4 -53 Belgium Flanders

The most obvious difference is the lack of order information in the Linear Constraints and of explicit
representation of points.

• Because Linear Constraints does not require order, an overlay operation to find the common areas for
two tessalations, is only merging the two sets of Linear Constraints. The computation of an overlay does
not require any floating point operations; these become only necessary at the end to calculate the
boundary points (if this is required). Points for intermediate results are not calculated and the
inequalities for the boundaries are not changed during calculation (this excludes the creeping of points
during an overlay operation [Guevara, 1985]).

• Boundary points (corners) are very important for the human perception and cognition of parcels. They
can be calculated from the Linear Constraints representation. Corners are typically necessary for the
calculation of area using Gauss’ formula, but there may exist more direct way to calculate area from
Linear Constraints.

We conclude this section with the observation that the representation of a data set for a typical GIS application,
e.g. representing cadastral parcel geometry, in Linear Constraints requires a comparable amount of storage as
would a pointer-based vector representation.



3. Effective processing of large data collections

The data collection for a GIS is large. In [Frank, & Kuhn, 1995; Goodchild, 1990] a typical value of 10 - 400
Gigabytes is expected. It is thus completely excluded that for deciding a simple ‘point in polygon’ or a ‘range’
query the complete data collection can be checked. It is necessary to build a spatial access method [Ester,
Kriegel, & Xu, 1995; Frank, & Kuhn, 1995; Hjaltason, & Samet, 1995].

3.1. Requirements for Spatial Access Methods

Spatial access methods allow to select quickly the data relevant for a problem and exclude the large majority of
the stored data from consideration and thus from processing. The spatial access method abstract from detailed
properties of the geometry of an object, but preserve enough information that one can decide quickly if an
object (or large subsets of objects) can be excluded from consideration. The object geometry is typically
represented as minimal bounding rectangles (MBR) or similar compact generalizations of the form and location
of an object. Methods using other geometric forms, e.g. circles, were proposed in [Finke, & Hinrichs, 1995].
Processing is more selective but slower than for the rectangular methods. The advantage does not seem large
enough to be tried in practice.

Spatial Access Methods require that for each object to be selected based on location a simple geometric
abstraction can be supplied (i.e. a Minimal Bounding Rectangle). The selection operation is then based on this
simpler geometric abstraction and must produce a superset of the desired result (i.e. false positives are allowed,
but no false drops).

3.2. Minimal Bounding Rectangles for Linear Constraints

For inequalities minimal bounding rectangles do not apply, but the rectangles can be formed around the areas
(i.e. a collection of inequalities). Object selection is then based on MBR and results in the collection of areas to
consider.

The well known tree structures using the minimal bounding rectangle (MBR) representation of stored
objects can be used, even if the objects are stored as a set of linear inequalities [Ester, Kriegel, & Xu, 1995;
Güting, de Ridder, & Schneider, 1995; Hjaltason, & Samet, 1995]. Selection based on comparing the MBR
retrieves all the inequalities necessary for the standard operations.

In principle, MBR could also be associated with the edges, both in the vector or in the Linear Constraints
representation. The difference is only that the MBR cannot be calculated from the Linear Constraints alone, but
the area it bounds and all the constraints defining it must be available. The MBR then represents the ‘active’
part of the constraints, namely the piece that is forming a boundary.

3.3. Generalization

Minimal bounding rectangles can be used not only for spatial access methods but generally for geometric
operations. A corresponding operation is applied to the reduced representation and only objects passing this test
must be included in the accurate computation. The test based on the reduced representation (e.g. MBR) is
orders of magnitudes faster than the accurate test. The reduction and the two step processing is increasing
performance. The accurate tests run always with very small datasets and their asymptotic behavior plays
therefore a lesser role (the quick tests are nearly always linear in their time).

This generalized method of selection of relevant objects extends to the Linear Constraints representation.
For most operations on objects, e.g. calculation of the intersection, the union, the boundary of a collection of
areas etc., only the inequalities of the areas involved are necessary.

4. Conclusion

First considerations show that it is possible to represent the kind of data in a GIS as linear constraints. The
representation as constraints affords some advantages as the representation does not depend on order as does
the vector representation. Overlay processing should be faster and show less algorithmic problems. Buffer
formation is much simpler and should work as well in 3D (a currently unsolved problem). Processing of
inequalities generalizes to the 3D space [Raper, 1989].

Storage requirements for the Linear Constraints representation and for a vector representation have been
compared for a typical case of GIS data, namely a 1:2000 cadastral plan. The storage amounts are very similar
(10% more for Linear Constraints, which is an insignificant difference).

The known methods for spatial access are based on an abstract representation of geometry (typically
MBR). These methods can be applied to the Linear Constraints representation as well as for a vector



representation. There are no apparent reasons, why an Linear Constraints or vector representation should
perform faster.

Linear Constraints is the most significant revolutionary idea for the representation of spatial data. In
contrast to several proposals to slightly improve a vector representation [Finke, & Hinrichs, 1995], Linear
Constraints is a completely different concept. It promises some advantages over vector processing and there are
no immediately visible drawbacks, as established here.

4.1. Future Work

Much remains to be done. Detailed algorithms for the standard operations in a GIS must be developed.
Operations like

• point in polygon

• determination of boundary points of a polygon

• area of a polygon

• intersection of two polygons

• intersection of two partitions (overlay)

• construction of a buffer zone around a given object

Lake

Parcel 735
       (R1)

Parcel 734
       (R1)

Parcel 736
       (R1: residential construction permitted)

    20 m
buffer zone:
no construction

Fig. 2. Buffer zone along a lake shore

Most of these operations can be implemented efficiently using a representation with inequalities, but detailed
studies considering the particular load presented by a GIS are needed. Of particular interest are buffer-zone
operations (figure), which are notoriously difficult for boundary representations, but very easy for the
representation with inequalities, even in 3D.
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